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Gaussian noise induced by loss on Gaussian states may be corrected by distributing EPR entangle-
ment through the loss channel, purifying the entanglement using a noiseless linear amplifier (NLA)
and then using it for continuous-variable teleportation of the input state. Linear optical implemen-
tations of the NLA unavoidably introduce small amounts of excess noise and detection and source
efficiency will be limited in current implementations. In this paper, we analyze the error-correction
protocol with non-unit efficiency sources and detectors and show the excess noise may be partially
compensated by adjusting the classical gain of the teleportation protocol. We present a strong case
for the potential of demonstrable error-correction with current technology.
I. INTRODUCTION
Quantum communication enables promising new tech-
nologies like secure communication [1, 2] and quantum
teleportation [3]. While the advantages of these tech-
nologies are intriguing, quantum communication requires
transmission of a quantum state over long distance.
Losses in fiber have proven to severely limit the distance
achieved with quantum communication protocols [4]. It
is therefore, of paramount importance to be able to cor-
rect against the effects of loss and decoherence on the
channel along which the delicate quantum states are sent.
Quantum information protocols may be grouped into
two distinct regimes, discrete variable (DV) where in-
formation is encoded in a finite dimensional basis, for
example the polarization of single photons [5], and the
continuous-variable (CV) regime where information is en-
coded in an infinite dimensional basis and measurements
are made using homodyne and heterodyne detection [6].
Due to the ease of generation, manipulation and detec-
tion of the Gaussian states required for CV protocols, it
promises simple and efficient implementations of quan-
tum information protocols [7].
It is known that error-correction of Gaussian noise on
Gaussian states using only Gaussian resources is impos-
sible [8]. Accordingly, to correct against Gaussian noise
on Gaussian states, a non-Gaussian resource is required.
This was exemplified in [9] where a protocol to correct
against Gaussian noise induced by loss on Gaussian states
was presented. This protocol works by using the noise-
less linear amplifier (NLA) [10] to purify entanglement
distributed through the loss channel. The purified en-
tanglement is then used for CV teleportation of the input
state.
In [11], it was shown that linear optical implemen-
tations of the NLA result in added noise to the error-
corrected output state of the protocol. In the following,
we present a way of partially compensating for the added
noise by optimizing the classical gain of the CV tele-
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portation. We particularly wish to determine if current
source and detector efficiencies are sufficient to demon-
strate quantum error-correction via this protocol. We
answer this question in the affirmative.
The paper is arranged in the following way, in Sec. II
we review the error-correction protocol from Ref. [9], in
Sec. III we introduce a method to improve the protocol by
optimizing the classical teleportation gain and finally in
Sec. IV we model the protocol under realistic conditions
of non-unit efficiency sources and detectors to determine
the level of error-correction that may be demonstrated
with current technology.
II. THE ERROR-CORRECTION PROTOCOL
η
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FIG. 1. (a) A lossy channel of transmission η takes an input
coherent state |α〉 to |√ηα〉. (b) Protocol for quantum error-
correction of CV states. EPR entanglement is distributed
through the lossy channel. The NLA distills the entangle-
ment which is then used for CV teleportation of the input
state. Ideally, this protocol takes an input coherent state |α〉
to output state |g√ηχα〉 [9].
The error-correction protocol is pictured in Fig.1(b).
To correct against loss on Gaussian states, a two-mode
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2Gaussian squeezed state, otherwise known as Einstein-
Podolsky-Rosen (EPR) state, is generated and one arm
is sent through the loss channel. The EPR state has
been degraded by the loss and is then distilled to increase
the strength of the entanglement. This is achieved with
the noiseless linear amplifier [10] which forms the non-
Gaussian resource required in this error-correction proto-
col. The NLA is a non-deterministic operation, with suc-
cess probability decreasing as gain of the NLA increases.
When the NLA has heralded successful operation, the
distilled EPR state is then used for CV teleportation.
The input state to be error-corrected is mixed with the
other arm of the EPR state on a 50:50 beam splitter.
Dual homodyne detection is then performed and the re-
sults are sent using a classical signal to the end of the
channel. A displacement is then conducted on the out-
put state depending on the outcome of the measurement
and a classical gain [12].
A coherent state |α〉 passing through a loss channel of
transmission η becomes transformed as
|α〉 → |√ηα〉 . (1)
We compare this to the same state passing through the
error-correction protocol which performs the following
transformation
|α〉 → |g√ηχα〉 . (2)
The effective transmission ηeff of the error-corrected
channel is
ηeff = g
2ηχ2, (3)
where g is the amplitude gain of the NLA, and χ is the en-
tanglement strength of the EPR (or two-mode squeezed)
state. Therefore, we may introduce a condition for error-
correction, that the effective transmission ηeff is greater
than the initial transmission of the loss channel. This
condition simplifies to
gmin >
1
χ
. (4)
The required transformation (2) is successfully
achieved for an ideal, unphysical NLA. To illustrate what
this means consider the physical linear optical implemen-
tation of the NLA. An input state to be amplified is
split evenly into N modes and each mode is then passed
through a single modified quantum scissor (QS) device
[13] (shown in Fig. 2). When each quantum scissor is
successful, the outputs of the quantum scissors are co-
herently recombined to form the amplified output state.
The correct transformation |α〉 → |gα〉 is only achieved
as the number of quantum scissors approaches infinity
(N → ∞). While the correct transformation is approx-
imately achieved for large N , this comes at the expense
of a complex experimental set-up and a reduced success
probability. This is because success probability of the
NLA suffers an exponential decrease with N .
For the rest of this paper, we present results for the
simplest case of the NLA, a single quantum scissor (N =
1). The reason for this is two-fold, it represents the eas-
iest experimental implementation and achieves maximal
probability of successful operation.
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FIG. 2. NLA with a single quantum scissor. Successful op-
eration is heralded when a single photon is detected at D1
and none at D2 or vice versa. The gain g is controlled by
the tunable beam splitter ratio ξ, related to the gain by
g =
√
(1− ξ) /ξ.
The single quantum scissor NLA performs the trans-
formation
Tˆ1(α |0〉+ β |1〉+ γ |2〉+ ...) =
√
1
g2 + 1
(α |0〉+ gβ |1〉).
(5)
Any higher order terms in the input state will be trun-
cated with this operation. As noted in [11], this trunca-
tion operation results in a small amount of excess noise
being introduced to the output state of the protocol.
As the effect of this truncation on large amplitude in-
put states is severe, we can expect a larger amount of ex-
cess truncation noise to be introduced for a larger input
state to the NLA. For this reason, this error-correction
protocol works best in the high-loss regime, i.e. where
the state has been heavily attenuated from loss before
passing through the NLA [9, 11].
Additionally, due to the presence of the truncation
noise we require a new measure to quantify whether the
channel has been error-corrected. The minimum gain
condition (4) only considers the effective transmission of
the channel, however with excess noise this is not suf-
ficient to quantify channel improvement. To evaluate
the performance of the error-correction protocol we com-
pute the Gaussian entanglement of formation (GEOF).
We use the Gaussian entanglement of formation as it
satisfies Gaussian extremality [14], i.e. the GEOF of a
non-Gaussian state with the same covariance matrix is a
lower bound for the entanglement of formation. This is
important as the output state from the error-correction
protocol is non-Gaussian, therefore results presented in
3this paper may underestimate entanglement, but will not
overestimate the amount of entanglement.
To evaluate whether our protocol has been effective
at improving the channel, we compute the GEOF of a
two-mode squeezed state with one arm of the entangled
state distributed through the error-correction protocol.
We compare that to the entanglement of formation of
the same state distributed through the same initial loss
without error-correction. When the GEOF of the error-
corrected channel surpasses that of the loss channel, we
know the channel has been improved and this is the min-
imum requirement for error-correction. The GEOF is
given by
E = cosh2 r0 log2
(
cosh2 r0
)− sinh2 r0 log2 (sinh2 r0) .
(6)
For the case of the uncorrected channel, the parameter
r0 is
r0 =
1
2
ln
[
1 + ζ
√
η
1− ζ√η
]
(7)
for finite squeezing ζ and loss on one arm of the two-
mode squeezed state η [15]. For the case of the error-
corrected channel, the covariance matrix of the Gaussian
approximated output state was calculated from the first
and second moments of the output state (calculations
shown in the Appendix) and the GEOF was calculated
following Ref. [15].
III. OPTIMIZING THE TELEPORTATION
GAIN
In [11], this error-correction protocol was used to con-
struct a continuous-variable quantum repeater. However,
building truncation noise represented one of the most
prominent limitations with this protocol. In this section,
we present a method for improving the outcome of the er-
ror correction protocol in the presence of this truncation
noise.
As part of the CV teleportation scheme, a dual homo-
dyne measurement is performed on the mix of the input
state and the EPR state. The results of this measure-
ment are then sent via a classical signal to the end of the
channel where a displacement is made according to the
results of the measurement. The displacement depends
not only on the results of the measurement, but also on
a classical gain denoted here as λ. In the presence of
loss only, it is known that the optimal gain λ depends
on the strength of the squeezing of the EPR source and
the effective transmission of the channel. In the case
for our error-correction protocol with an ideal, unphysi-
cal NLA, this quantity would be λ = g
√
ηχ for optimal
performance of the CV teleporter. However, this known
classical gain for the loss only case is not optimal in the
presence of excess truncation noise. By slightly increas-
ing λ, we may observe a better outcome. In Fig. 3(a),
we see that the range of effective transmission achieving
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FIG. 3. Improving the protocol by adjusting the classical
teleportation gain. (a) Entanglement of formation of a Gaus-
sian two-mode squeezed state (EPR strength ζ = 0.5) where
one arm is distributed through a loss channel of transmis-
sion η = 0.01 (black, solid line). EPR strength in the CV
teleporter has been set to χ = 0.5 (corresponding to r ≈ 0.55
where χ = tanh r). The blue, dashed line represents the error-
correction protocol operating with the classical gain scaling
factor λ = g
√
ηχ. The yellow line uses a numerically opti-
mised teleportation gain λopt to produce higher entanglement
of formation and error correction over a larger range of effec-
tive transmission. (b) The success probability for the same
case as in (a). By optimising λ, the NLA gain may be reduced
resulting in an improvement in the success probability.
demonstrable error-correction has increased. We refer
here to the region where the entanglement of formation
of the error-correction protocol (dashed lines) is above
that of the initial loss channel (black, solid line). For
the same parameters, the success probability of the NLA
is shown in Fig. 3(b). An increase in success probabil-
ity and entanglement of formation for the optimised λopt
4means the error-correction protocol has been unambigu-
ously improved, both in entanglement capacity through
the channel and efficiency.
Qualitatively, an increase in λ results in an increase
in effective transmission and an increase in added noise
from the CV teleportation protocol. As a result, there
is an optimal value for the classical gain λ depending
on the squeezing in the CV teleporter χ, the loss on the
channel η and the gain of the NLA g. For the results in
this paper, λ was optimised numerically to produce the
highest entanglement of formation of the protocol.
IV. MODELING EXPERIMENTAL
INEFFICIENCIES
With our now improved outlook on the protocol due
to the tuning of the CV teleportation gain, we now ask
whether current technology permits demonstrable chan-
nel improvement using this protocol. Thus far, specific el-
ements of the error-correction protocol have been exper-
imentally implemented with promising results. In [16],
CV teleportation was experimentally implemented for
the first time following the proposal in [17]. Since then,
teleportation fidelities up to 83% have been reported [18].
In [19, 20], physical implementation of the NLA was
realized with a single quantum scissor. As noted in [21],
experimental imperfections in the NLA impact as follows:
detection inefficiency reduces the probability of successful
operation, inefficiency in the single photon source and
lack of photon number resolution causes a gain saturation
effect.
Notably, in [22] the NLA was used to distil EPR entan-
glement that had been degraded by loss. In this experi-
ment, by using the NLA, EPR entanglement was recov-
ered to the original strength after it had passed through
a loss channel of transmission η = 0.05.
In the aforementioned implementations, Kocsis et al.
report maximum achieved intensity gains of g2 = 5.7±0.5
[21] and Ulanov et al. report gains of g2 = 10 − 12 [22].
Naturally, we ask whether the error-correction protocol
can demonstrate channel improvement in the regime of
these physically realizable gains. To address this prob-
lem, we have modeled the error-correction protocol fol-
lowing the approach of [11] but now including the noise
due to losses in homodyne detection and losses in the sin-
gle photon source and detector within the NLA (details
of the calculations have been included in the appendix).
Fig. 4(a) shows that the unphysical NLA using N →∞
quantum scissors achieves an error-corrected channel for
the gain condition (4) when the entanglement of forma-
tion surpasses that of the original loss channel. When
the protocol is modeled using the single quantum scis-
sor NLA, the gain required for channel improvement is
slightly higher due to truncation noise. Furthermore, un-
der realistic conditions of imperfect sources and detectors
in the homodyne measurement and NLA we find that the
gain required for channel improvement is again increased.
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FIG. 4. The error-correction protocol for an initial loss
channel of transmission η = 0.01. (a) The entanglement
of formation of a Gaussian two-mode squeezed state (EPR
strength ζ = 0.5) where one arm is distributed through loss η
(black, solid line). The grey, dot-dashed line represents error-
correction with the NLA operating in the unphysical limit
of N → ∞, and passes the black line at gmin > 1/χ (4).
The dashed dark blue line is the EOF of the same state dis-
tributed through the error-correction protocol with a single
quantum scissor NLA (with perfect sources and detectors).
EPR strength in the CV teleporter has been set to χ = 0.5.
The solid dark blue line includes realistic non-unit efficiency
sources and detectors, using homodyne detection efficiencies
of τ = 0.98, single photon source efficiency of  = 0.7 and sin-
gle photon detection efficiency δ = 0.9. (b) The probability
of successful operation of the NLA with the same parameters
as Fig. 4(a).
The solid blue line in Fig. 4 models the case for homo-
dyne efficiencies of τ = 0.98, single photon source effi-
ciency of  = 0.7 and single photon detection efficiency
δ = 0.9. For these specific parameters, NLA intensity
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FIG. 5. The effect of reduced source and detection efficien-
cies. (a) The entanglement of formation of a Gaussian two-
mode squeezed state (EPR strength ζ = 0.5) where one arm
is distributed through a loss channel of transmission η = 0.01
(black, solid line). The solid, dark blue line corresponds to
that of the same state distributed through the error-correction
protocol with the same parameters as in Fig. 4. The light
blue, dashed line has the same homodyne efficiency, but sin-
gle photon elements in the NLA have reduced efficiency. The
green, dot-dashed line has reduced homodyne efficiency but
maintains the same NLA efficiency of the dark blue line. (b)
Log plot of the probability of successful operation of the NLA
with the same parameters as Fig. 5(a).
gains of g2 > 7.1 may achieve a demonstrable channel
improvement.
We then ask how detrimental less efficient sources and
detectors are to the outcome of the error-correction pro-
tocol. In Fig. 5, we compare the result from Fig. 4 to
the case where single photon source efficiency has been
reduced to  = 0.5 and single photon detection efficiency
reduced to δ = 0.8. We also compare this to the case
loss channel
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FIG. 6. An example of the parameters required to beat the
deterministic bound of entanglement. These results use an
initial loss channel of transmission η = 0.005. EPR strength
in the CV teleporter has been set to χ = 0.5. (a) The en-
tanglement of formation of a Gaussian two-mode squeezed
state (EPR strength ζ = 0.5) where one arm is distributed
through loss η (black, solid line). The deterministic bound
representing the maximum entanglement achieved by an in-
finitely squeezed state passing through the same loss channel
η (red, solid line). The solid purple line corresponds to the
error-correction protocol with homodyne detection efficiencies
of τ = 0.98, single photon source and detection efficiency has
been set to  = δ = 0.9. (b) Log plot of the probability of
successful operation of the NLA with the same parameters as
Fig. 6(a).
where the single photon element efficiency has remained
the same, but homodyne efficiency has been reduced to
τ = 0.95. As expected, the gain required for error-
correction has been slightly increased with the decrease
in source or detection efficiency. However, the gains re-
quired for error-correction remains in the regime of pre-
6viously physically realized NLA gains.
As was also noted in [11], due to the truncation noise
incurred by the single quantum scissor implementation of
the NLA, smaller amplitude input states to the NLA are
preferred. As such the protocol performs best in the high
loss regime where the EPR entanglement is attenuated
significantly, before being purified with the NLA. This
is the reason both Figs. 4 and 5 use the very high loss
regime to demonstrate channel improvement (η = 0.01).
Finally, we ask if this protocol, despite the noise due
to truncation and experimental inefficiencies can surpass
the deterministic bound for entanglement. The deter-
ministic bound represents the maximum entanglement
of formation achieved by passing an unphysical infinitely
squeezed state through the same loss channel. This
bound is given by Equation 7 with ζ → 1. To address
this question, we present the results in Fig. 6(a) where the
protocol has been shown to produce high enough entan-
glement of formation to surpass the deterministic bound.
This was achieved by reducing the transmission of the
loss channel to η = 0.005 as well as increasing the single
photon source efficiency to  = 0.9. Given these param-
eters, gains of g2 > 41 are required for the entanglement
of formation to surpass the deterministic entanglement
bound.
For each of these cases we present the probability of
successful operation of the NLA in Figs. 4(b), 5(b) and
6(b). Note that this is the probability of successfully
creating the distilled entangled resource state with the
NLA. Once created, the input state may be teleported
deterministically. For each of these cases, a minor de-
crease can be seen in the probability of success caused by
imperfect single photon detectors (δ < 1) and homodyne
detectors (τ < 1).
V. CONCLUSION
We have shown here that by adjusting the classical gain
of the CV teleporter, the outcome of this error-correction
protocol may be significantly improved in the presence of
truncation noise induced by a physical NLA. With realis-
tic conditions of non-unit efficiency sources and detectors,
a demonstrable improvement in channel transmission is
achievable. Additionally, although parameters used in
Fig. 6 were ambitious, it shows in principle the protocol
can surpass the deterministic bound using a single quan-
tum scissor. It is worth emphasizing that a significant
strength of this protocol is that it works to correct the
loss on the channel itself. Therefore, it may be used on
any optical field state regardless of the specific encoding
of quantum information.
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VII. APPENDIX
Following the approach used in [11, 23], we detail here
the evolution of an input coherent state |α〉A through the
error-correction protocol (Fig. 1(b)). We include in this
analysis losses in homodyne detection and single photon
preparation and detection.
Initially, the shared entanglement between Bob and
Alice is of form:
|χ〉RB =
√
1− χ2
∞∑
n=0
χn |n〉R |n〉B . (8)
An arbitrary input state |ψ〉A is mixed on a 50:50 beam
splitter with mode R and dual homodyne detection is
performed. Here β is detected, where
β = X− + iP+ (9)
with
Xˆ− = XˆA − XˆR (10)
Pˆ+ = PˆA + PˆR. (11)
This measurement projects onto the eigenstate [24]
|β〉AR =
1√
pi
∞∑
n=0
DˆA(β) |n〉A |n〉R . (12)
With input state |ψ〉A, the output state conditioned on the measurement result β is therefore
|ψ(β)〉 =AR 〈β|ψ〉A |χ〉RB (13)
=
1√
pi
√
1− χ2
∞∑
n=0
∞∑
m=0
〈n|A 〈n|R χmDˆA (−β) |ψ〉A |m〉R |m〉B . (14)
The input state to the protocol is a coherent state |ψ〉A = |α〉A. Losses in the homodyne detection are modeled using
a beam splitter of transmissivity τ on modes A and R before detection. This performs the following transformation
7on mode A
|ψ〉A → |
√
τα〉A , (15)
and transforms mode R as
|m〉R → UˆBS [|m〉R |0〉C ] =
m∑
k=0
√(
m
k
)
τk/2(1− τ)(m−k)/2 |k〉R |m− k〉E . (16)
Combining (15), (16), and (14), the output state after detection of the measurement result β is:
|ψ(β)〉 =
√
1− χ2
pi
e−|
√
τα−β|2/2
∞∑
m=0
m∑
n=0
χm
√(
m
n
)
τn/2(1− τ)(m−n)/2 (
√
τα− β)n√
n!
|m− n〉E |m〉B . (17)
Mode B then undergoes loss through channel attenuation modelled as a beam-splitter of transmission η. We rescale
this transmission as η = νδ to account for loss in the single photon detector D1,
|m〉B → UˆBS [|m〉B |0〉D] =
m∑
j=0
√(
m
k
)
νj/2(1− ν)(m−j)/2 |j〉B |m− j〉F . (18)
After channel attenuation, the state is
|ψ(β)〉 =
√
1− χ2
pi
e−|
√
τα−β|2/2
∞∑
m=0
m∑
n=0
χm
√(
m
n
)
τn/2(1− τ)(m−n)/2 (
√
τα− β)n√
n!
|m− n〉E
m∑
j=0
√(
m
j
)
νj/2(1− ν)(m−j)/2 |j〉B |m− j〉F (19)
with modes E and F being loss modes, while mode B will be input into the NLA.
In the ideal case with no experimental inefficiencies, the NLA acts by combining mode B with a single photon in
the form
√
ξ |1〉D |0〉C +
√
1− ξ |0〉D |1〉C where the parameter ξ is related to the gain of the NLA by g =
√
1−ξ
ξ .
Modes B and D are then detected at D1 and D2 respectively. In the following, we model the realistic situation of
imperfect single photon preparation and detection.
Preparation inefficiency of the single photon ancilla is modeled by a beam splitter with transmission ε, mode G is
a loss mode.
|φ〉NLA →
√
ε |1〉D |0〉G +
√
1− ε |0〉D |1〉G (20)
The single photon ancilla |φ〉NLA then passes through the tunable beam splitter of transmission ξ, mode C is the
output mode.
|φ〉NLA →
√
ε
√
ξ |1〉D |0〉C |0〉G +
√
ε
√
1− ξ |0〉D |1〉C |0〉G +
√
1− ε |0〉D |0〉C |1〉G (21)
The single photon ancilla |φ〉NLA then undergoes loss δ on mode D to model the loss in the single photon detector
D2, mode H is a loss mode.
|φ〉NLA →
√
ε
√
ξ
√
δ |1〉D |0〉C |0〉H |0〉G +
√
ε
√
1− ξ |0〉D |1〉C |0〉H |0〉G
+
√
ε
√
ξ
√
1− δ |1〉H |0〉G |0〉D |0〉C +
√
1− ε |0〉H |1〉G |0〉D |0〉C (22)
The single photon ancilla (22) is then combined with mode B (19) on a 50:50 beam splitter and modes B and D
are detected. A successful event is heralded when a single photon is detected at D1 and none at D2 or vice versa
(|0〉B |1〉D or |1〉D |0〉D).
The last step in the protocol is a displacement of the output mode by the measurement result β scaled by a classical
gain λ, given by DˆC (λβ). The entire, un-normalized output state of the protocol is:
8ρˆout =
1− χ2
pi
e−|
√
τα−β|2
∞∑
s=0
s∑
r=0
(1− ν)s (1− τ)rχ2sDˆC (λβ)
({
εξδ
(
s
s− r
)
τs−r
(
|√τα− β|2
)s−r
(s− r)! +
+ [νεξ (1− δ) + (1− ε) ν] (s+ 1)χ2
(
s+ 1
s+ 1− r
)
τ (s+1−r)
(
|√τα− β|2
)s+1−r
(s+ 1− r)!
}
|0〉C 〈0|C
+ ε (1− ξ) ν (s+ 1)χ2
(
s+ 1
s+ 1− r
)
τs+1−r
(
|√τα− β|2
)s+1−r
(s+ 1− r)! |1〉C 〈1|C
+ ε
√
ξδντ (1− ξ)(√τα∗ − β∗)χ
(
s
s− r
)
s+ 1
s+ 1− r τ
s−r
(
|√τα− β|2
)s−r
(s− r)! |0〉C 〈1|C
+ ε
√
ξδντ (1− ξ)(√τα− β)χ
(
s
s− r
)
s+ 1
s+ 1− r τ
s−r
(
|√τα− β|2
)s−r
(s+ 1− r)! |1〉C 〈0|C
)
Dˆ†C (λβ) . (23)
The variance of the output state was then calculated and averaged over the measurement outcome β:
V =
∫
〈Xˆ2C〉d2β −
(∫
〈XˆC〉d2β
)2
. (24)
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